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New Interceptor Guidance Law Integrating
Time-Varying and Estimation-Delay Models

Tal Shima,¤ Josef Shinar,† and Haim Weiss‡

Technion—Israel Institute of Technology, 32000 Haifa, Israel

The paper presents a synthesis of a new guidance law, derived using differential games concepts, for the in-
terception of highly maneuvering targets. The synthesis is based on the integration of two recently demonstrated
improvement features: namely, the use of a time-varying linearkinematics gamemodel and the compensationof the
inherent estimation delay of the target acceleration. The new guidance law is implemented in a generic yet realistic
noise-corrupted three-dimensionalnonlinearballisticmissiledefense scenario byusing a suitable three-dimensional
estimator. The test againstworst-case target maneuversdemonstratesa signi� cant improvementcompared to other
known guidance laws indicating a potential breakthrough in interceptor guidance.

I. Introduction

H ISTORICALLY, the typical target of interceptor missiles has
been a manned aircraft, against which the missile had sub-

stantial advantagein speed, maneuverability,and agility. Moreover,
miss distances of a few meters, compatible with the lethal radius of
the missile warhead, were considered admissible. Because of these
facts, even a simple guidance law such as proportional navigation
(PN) could guarantee the target destruction. The Gulf War intro-
duced the tactical ballisticmissile (TBM), able to carry nonconven-
tional warheads, as a new type of target. Successful interception of
a TBM, much less vulnerable than an aircraft, requires a very small
miss distance or even a direct hit. Several ballistic missile defense
systems are currently in development.Because of advances in tech-
nology, these systems (such as ARROW and PAC-3) succeeded to
demonstrate,using conventionalguidanceconcepts, excellenthom-
ing accuracy against such nonmaneuvering targets.1;2

Although known TBMs were not designed to maneuver because
of their high reentry speed, they have a substantialmaneuverability
potential in the atmosphere. Moreover, this potential can be made
applicable by a modest technical effort. The same is true for future
high-speedantiship or cruise missiles.Paradoxically,the successful
current development of ballistic missile defense systems can serve
to motivate the future development of maneuverable antisurface
missiles. Against such threats interceptor missiles will have only
a marginal maneuverability advantage. Hence, the required small
miss distances are not achievable by using conventional guidance
laws even in a noise-free environment, as it was demonstrated by
recent simulation studies.3;4

Most missile guidance laws used at the present, including PN,
were derived using a linear quadratic optimal control formulation
assuming perfect information.5 Such a formulation requires an as-
sumption on the future evolution of the target maneuver. If this
assumption is correct (and the lateral acceleration of the intercep-
tor does not saturate), such a guidance law can reduce the miss
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distance to zero. However, if this assumption is wrong very large
miss distances are created. Because target maneuvers are indepen-
dently controlled,the optimal control formulation is obviouslyde� -
cient.The interceptionof a maneuverabletargethas to be formulated
as a zero-sum pursuit–evasion game. By using such a formulation,
the engagement between two objects with ideal dynamics, constant
velocities, and constant bounds on the lateral accelerations was in-
vestigatedby Gutman and Leitmann.6 This scenariomodel was later
extendedto include� rst-orderpursuerdynamics7 and similar evader
dynamics8 leading to a guidance law denoted as DGL/1.

The assumption of constant speeds and � xed maneuverability
boundaries, used as a part of linear guidance dynamics, is often
unsuitable for realistic interception scenarios. Gazit and Gutman9

developeda guidance law for a pursuerwith a constant acceleration,
using a time-varying linear model assuming for both players ideal
dynamics and constantboundedcontrols.In a recent paper10 a time-
varying linear game model with boundedcontrolshas been used for
deriving a new guidance law for an interception scenario between
two missiles with � rst-order dynamics and known time-varyingve-
locities and lateral acceleration bounds. It was demonstrated that
this guidance law, denoted as DGL/E, provides improved homing
accuracy in a typical TBM interception scenario.

The perfect information formulation of an interception scenario
in general, and a ballisticmissile defense (BMD) scenario in partic-
ular, is not realistic.The informationstructure in a BMD scenario is
imperfectand also asymmetrical.The ballisticmissile will probably
haveno informationon the relativestate of the interceptoror evenon
its existence, whereas the interceptorobtains noise-corruptedmea-
surements on the relative position of its target. To make the task of
the interceptornot trivial, it is expected that such a blind target will
maneuver randomly.The interceptorneeds to use an estimator in or-
der to � lter themeasurementnoise and to estimate the statevariables
necessary for the implementation of the guidance law. In modern
guidancelaws oneof thesevariablesis the targetacceleration,which
cannot be measured directly.The underlyingassumption in a � lter’s
design is that the mathematical and statistical model of the system
is perfectly known. Inaccuracy of the system model can result in
serious performance degradation. The simplest model uses a zero
mean white noise to represent the target acceleration uncertainty.11

Singer12 used a more realistic model which assumes that the target
accelerationis a Poisson-distributedrandomprocesswith piecewise
constant acceleration. In this paper a � rst-order linear system ex-
cited by white noise, having the same exponential autocorrelation
function (denoted as ECA—exponentially correlated acceleration)
as the piecewise constant Singer model, is used for the estimator
design. The technique of replacing the original system and the ran-
dom input (the target maneuver) by an augmented system excited
only by a white noise is denoted as the shaping � lter (SF) method.13

The augmented system, composed of the original system and a SF,
has an output with the same � rst- and second-orderstatistics as the
original system.
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Implementingthe optimalpursuerstrategyof the perfect informa-
tion game as the interceptor’s guidance law with a typical estimator
yields very disappointing results. The miss distance is never zero,
and there is a high sensitivity to the structure of the (unknown)
target maneuver.14 The poor performance can be attributed to the
unjusti� ed reliance on the certainty equivalence property.15 This
property states that the optimal control law for a stochastic control
problem is the optimal control law for the associated deterministic
(certainty equivalent) problem. The validity of the certainty equiv-
alence property was proved for linear quadratic Gaussian optimal
control problems with unbounded control; the proof was based on
assuming a strictly classical information pattern, where all of the
past outputs and controls are available at any time. For such prob-
lems the estimator and the controller can be designed separately,
and the estimated states should be used in the control law of the
deterministic problem.

The certaintyequivalencepropertyhasneverbeenprovedfor real-
istic missile guidance problems, characterizedby bounded control,
non-Gaussian random target maneuvers and saturated state vari-
ables. Nevertheless, it has been of common practice in the guided
missile community to assume certainty equivalence when design-
ing the interceptor’s control law. The approach taken in this paper is
different; it is based on the suggestionof Witsenhausen15 that states
if the validity of the certaintyequivalencecannot be proven then the
estimator can still be designed independently of the controller, but
the optimal control depends on the conditional probability density
function resulting from the estimation process.

In previous works14;16a simpli� ed model, where the only imper-
fectionin theestimationprocessis a pure time delayin theestimation
of the target acceleration,was used.Based on this model, a guidance
law, denoted as DGL/C, compensating for this delay was derived.16

It was demonstrated in a two-dimensional linearized interception
scenario that the use of DGL/C guarantees smaller “worst-case”
miss distances than other guidance laws used in earlier studies.

The objective of this paper, as well as its contribution to missile
guidance theory and to the challenging task of ballistic missile de-
fense, is the presentationof the synthesis of a new guidance law by
integratingthe featuresof a time-varyinggamemodel10 and thecom-
pensationof the estimationdelay.16 This guidancelaw, developedby
using deterministic two-dimensional linear models and denoted as
DGL/EC, is implemented in two orthogonal guidance channels us-
ing the three-dimensionalestimatorofRef. 17andtested in a realistic
three-dimensionalnonlinear noise-corruptedinterception scenario.

In thenext sectionthe interceptionscenarioofa maneuveringanti-
surface missile is formulated as a zero-sum pursuit–evasion game
of imperfect information. The solution of the perfect information
version of this game using a time-varying linear model is brie� y
repeated in Sec. III. In Sec. IV the formulation of the imperfect
information engagement as a delayed information game and its so-
lution yielding a new guidance law are presented. The outline of
a suitable three-dimensionalestimator for implementing this guid-
ance law is described in Sec. V. The integrated estimator–guidance
algorithm is tested in Sec. VI in a realistic three-dimensional non-
linear noise-corrupted interception scenario. Conclusions are of-
fered in the last section.

II. Problem Outline
The investigated interception scenario is the end game between

an interceptor missile launched against a maneuverable antisurface
missile. As an example, a reenteringTBM of high maneuverability
is chosen. The scenario is characterizedby a near head-on engage-
ment of high velocity with variable altitude. Typical velocity and
maneuverabilitypro� les of both missiles are shown in Figs. 1 and 2.

In the investigated interception scenario (with a closing velocity
of approximately 5.5 km/s) the following assumptions (some of
them based on an earlier study3/ are made:

1) The relative end-game trajectory can be linearized around a
� xed reference line such as the initial line of sight.

2) The velocity pro� les of both missiles on a nominal trajectory
are known and can be expressed as the function of time.

3) The maximumlateral accelerationof each missile on a nominal
trajectory is known as a function of time.

Fig. 1 End-game velocity pro� les.

Fig. 2 End-game maneuverability pro� les.

4) Both missiles can be represented by point–mass models with
linear control dynamics.

5) The maneuveringdynamics of the interceptorand target can be
approximated by � rst-order transfer functions with time constants
¿P and ¿E , respectively.

6) The target has no information on the state of the interceptor.
7) The interceptorhas noisy measurementsof the target’s relative

position.
In the sequel this end game is formulated as a zero-sum pursuit–

evasion game. The pursuer is the interceptor missile, and the ma-
neuvering target is the evader.

III. Perfect Information Three-Dimensional Game
The analysis in this section is based on the assumption that both

players have perfect information on the state variables and the pa-
rameters of the game.

A. Reduction to Two-Dimensional Problem
The three-dimensional application of the PN guidance law has

been presented by Adler.18 Assuming small deviationsfrom a colli-
sion course, the nonlinearvector equations were linearizedyielding
two independent linear differential equations of identical form in
perpendicular planes. Based on this decomposition, PN has been
implemented in cruciform missiles using two independent perpen-
dicular guidance channels. In spite of this simpli� cation, this prac-
tice has proved itself in a wide range of applications.Hence, in the
derivation of the guidance law presented herein only one plane of
the interception scenario is analyzed.
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Fig. 3 Planar end-game geometry.

B. Linearized Two-Dimensional Game Model
In Fig. 3 a schematic view of the planar end-game geometry is

shown, where the X axis is aligned with the initial line of sight,
r is the range between the missiles, and Áaz is the angle between
the current and initial line of sight. The respective velocity vectors
are generally not aligned with the reference line. The angles Áp

and ÁE are, however, small. Thus, the approximations cos(Ái / ¼ 1,
sin(Ái / ¼ Ái , (i D P; E/ are uniformly valid and coherent with as-
sumption (1). Nevertheless, the longitudinal accelerations of each
missile can have nonnegligible components normal to the line of
sight.

Based on assumptions (1) and (2), the � nal time t f of the inter-
ception can be computed for any given initial conditions of the end
game solving

t f D arg

»
Xf D X0 ¡

Z t f

t0

[VE .t/ C VP .t/] dt D 0

¼
(1)

where X0 and Xf are the evader positions relative to the pursuer
along the X axis at times t0 and t f , respectively. If X0 is known, the
time-to-go can be calculated based on Eq. (1) as

tgo D t f ¡ t (2)

The state vector associated with the linearized relative motion nor-
mal to the reference line is

X D [ y; Py; aP ; aE ; ÁP ; ÁE ]T (3)

where

y D yE ¡ yP (4)

From the known velocity pro� les VP .t/ and VE .t/ the respective
longitudinal accelerations axP.t/ and axE.t/ can be computed and
substitutedinto the equationsof motion, which can be written in the
form

PX D A.t/X C B.t/u C C.t/v; X.0/ D X0 (5)

where

A.t/ D

2

66666664

0 1 0 0 0 0

0 0 ¡1 1 ¡axP.t/ axE.t/

0 0 ¡1=¿P 0 0 0

0 0 0 ¡1=¿E 0 0

0 0 1=Vp.t/ 0 0 0

0 0 0 1=VE .t/ 0 0

3

77777775

(6)

B.t/ D
£
0 0 amax

P .t/
¯

¿P 0 0 0
¤T

(7)

C.t/ D
£
0 0 0 amax

E .t/
¯

¿E 0 0
¤T

(8)

u D ac
p

¯
amax

p .t/; juj · 1 (9)

v D ac
E

¯
amax

E .t/; jvj · 1 (10)

andac
P andac

E are thecommandedlateralaccelerationsof thepursuer
and evader, respectively; the maximum available values of these

accelerations can be expressed as a function of time as amax
P .t/ and

amax
E .t/, respectively.
The natural cost function of the perfect information game is the

miss distance

J D jDX.t f /j D jx1.t f /j (11)

where

D D .1; 0; 0; 0; 0; 0/ (12)

The pursuer, applying u, wants to minimize Eq. (11), whereas the
evader, applying v, wants to maximize it.

C. Transformation to Scalar Problem
To reduce the order of the problem, the following transformation

is introduced7:

Z .t/ D D©.t f ; t/X.t/ (13)

where 8.t f ; t/ is the transition matrix of the original homogeneous
system.The new scalar state variable Z .t/ has the physical interpre-
tation of the zero-effortmiss distance (ZEM). The ZEM is obtained
when both players use zero control from the current time until the
end of the interception.

The transformation(13) reducesthe vectorequation(5) to a scalar
dynamic equation of the form

PZ.t/ D B.t f ; t/u C C .t f ; t/v (14)

where

B.t f ; t/ D D©.t f ; t/B.t/ (15)

and

C.t f ; t/ D D©.t f ; t/C.t/ (16)

The cost function expression given in Eq. (11) is replaced by

J D jZ.t f /j (17)

and has to beminimizedby thepursuerandmaximizedby theevader.
Using the homogeneous solution of Eq. (5), the ZEM of the

problem is

Z.t/ D ZPN.t/¡1Zap .t/C1ZaE .t/¡1ZÁ p .t/C1ZÁE .t/ (18)

where (for details, see Ref. 10)

ZPN.t/ D x1.t/ C x2.t/tgo (19)

1ZaP .t/ D x3.t/¿
2
P [Ã.tgo=¿P / C IIIP .t f ; t/] (20)

1ZaE .t/ D x4.t/¿
2
E ¢ [Ã.tgo=¿E / C IIIE .t f ; t/] (21)

1ZÁP .t/ D x5.t/bIVP .t f ; t/ ¡ VP .t/tgoc (22)

1ZÁE .t/ D x6.t/bIVE .t f ; t/ ¡ VE .t/tgoc (23)

and

IIIi .t f ; t/
1D 1

¿ 2
i

Z t f

t

Z t f

³

axi.» /

Z t f

»

e¡& =¿i

Vi .&/
d& d» d³; i D P; E

(24)

IVi .t f ; t/
1D

Z t f

t

Vi .³ / d³; i D P; E (25)

Note that

Ã.³ / D e¡³ C ³ ¡ 1 ¸ 0 8 ³ > 0 (26)

The integrals of Eq. (24) have an analytic form only for very special
cases of VP .t/ and VE .t/. In general, they have to be computed
numerically.

The time derivativeof Eq. (18) takes the form of Eq. (14), where

B.t f ; t/ D ¡amax
P .t/[Ã.tgo=¿P / C IIIP .t f ; t/]¿P (27)

C.t f ; t/ D amax
E .t/[Ã.tgo=¿E / C IIIE .t f ; t/]¿E (28)
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D. Solution of Two-Dimensional Game
The perfect information linear zero-sum differential game with

bounded controls, formulated by Eqs. (14–17), is solved in this
section in the most general form.

The Hamiltonian of the game is

H D ¸z[B.t f ; t/u C C.t f ; t/v] (29)

where ¸z is the costate variable satisfying

P̧
z D ¡ @ H

@ Z
D 0 (30)

¸z.t f / D @ J

@ Z

­­­­
t f

D signfZ .t f /g; Z .t f / 6D 0 (31)

meaning that

¸z.t/ D signfZ .t f /g; Z .t f / 6D 0 (32)

as long as ¸z.t/ is continuous.This allows determining the optimal
strategies as

u¤ D arg min H D ¡signfB.t f ; t/Z .t f /g; Z .t f / 6D 0 (33)

v¤ D argmax H D signfC.t f ; t/Z .t f /g; Z.t f / 6D 0 (34)

Assuming that B.t f ; t/ < 0 and C.t f ; t/ > 0, the optimal strategies
become

u¤ D v¤ D signfZ .t f /g; Z .t f / 6D 0 (35)

Substitution of Eq. (35) into Eq. (14) yields the optimal game
dynamics

PZ ¤ D 0.t f ; t/signfZ .t f /g; Z .t f / 6D 0 (36)

with

0.t f ; t/ D [B.t f ; t/ C C .t f ; t/] (37)

IntegratingEq. (36) backward from any end condition Z .t f / gener-
ates candidateoptimal trajectoriesleadingto the eventualdecompo-
sition of the game space. In a recent paper10 � ve different (scenario
parametersdependent)exampleswerereviewed.Hereonlyonecase,
where 0.t f , t/ changes its sign once, is presented in Fig. 4.

As it can be seen, the optimal trajectories have an extremum at
tgo D .tgo/s , which is the solution of 0.t f ; t/ D 0. If a backwards-
generated candidate optimal trajectory intersects the Z D 0 axis, it
ceases to be optimalbecauseof the change in signfZg. The two fami-
liesof such trajectoriesde� ne a dispersalline of the game dominated
by the evader (on the dispersal line u¤ D 0 and v¤ D §1/. The pair

Fig. 4 Example of game space decomposition.

of optimal trajectories Z¤
C and Z ¤

¡ that reach the Z D 0 axis tangen-
tially at tgo D .tgo/s are the boundary trajectories between the two
regions of the different game solutions

D1 D
©
.Z; tgo/: jZ .tgo/j ¸ Z¤

C.tgo/ [ .tgo/s ¸ tgo ¸ 0
ª

(38)

D0 D
©
.Z; tgo/: jZ .tgo/j < Z¤

C.tgo/ \ tgo > .tgo/s

ª
(39)

In D1 the optimal strategies(35)can be expressedin a state feedback
form

u¤ D v¤ D signfZ g 8 Z 6D 0 (40)

and the value of the game is a function of the initial conditions

J ¤.Z0; t0/ D jZ0j C
Z t f

t0

0.t f ; t/ dt (41)

In D0 the optimal strategiesare arbitrary.Every trajectory that starts
in this regionmust go throughthe“throat”(Z ; tgo/ D [0; .tgo/s]. Con-
sequently, the value of the game in this entire region is constant:

J ¤
0 .Z0; t0/ D

Z t f

ts

0.t f ; t/ dt (42)

The boundary trajectories and the dispersal line fZ .tgo/ D 0 for
.tgo/s ¸ tgo ¸ 0g, dominated by the evader, belong to D1 . The dis-
persal line separates D1 into two subregions denoted as DC

1 and
D¡

1 .
Remark: If 0.t f ; t/ < 0 for all tgo > 0, both .tgo/s and J ¤

0 are
zero, indicating a most desiredguaranteed“hit-to-kill”homing per-
formance, in the ideal perfect information case.

IV. Imperfect Information Three-Dimensional Game
In this section the assumption of perfect information is removed.

The relevant assumptions about the information structure are given
by assumptions (6) and (7) in Sec. II.

A. Maneuver Strategies
In the realistic version of the problem, the blind target cannot

implement a deterministic optimal strategy becasue of the lack of
information. The target designer’s obvious objective is to avoid in-
terception, in spite of the lack of information, allowing the target to
hit its designatedsurface target. Not maneuvering,or even perform-
ing a constant maneuver, generates predictable trajectories, leading
to a successful intercept.Thus, the target must maneuver randomly.
Based on the perfect information game solution, outlined in the
preceding section, and optimal avoidance analysis,19;20 the optimal
target maneuver sequence has a bang–bang structure (40). Imple-
mentation of such a random strategy over the short duration of the
end game consists of a maximal maneuver command in one direc-
tion, followed by a maximal maneuver command in the opposite
direction at a randomly selected time tsw.

Implementationof thedifferentguidancelaws requiresthe knowl-
edge of the zero-effortmiss distance; thus, the scenario’s state vari-
ables are needed.Some of thesevariableshave to be estimatedbased
on noisy measurements. In the sequel the guidance law is derived
based on a model of the estimator; in its implementation the esti-
mated states are used.

B. Estimator Modeling
As in earlier investigations,14;16 in the current work a simpli� ed

model for the estimation process is used; in the model the only esti-
mation process imperfection is a pure time delay 1test in estimating
the target acceleration aE . Accordingly, the observation vector of
the pursuer is given by

zi .t/ D xi .t/; i D 1; 2; 3; 5; 6

z4.t/ D aE .t ¡ 1test/ (43)

The inherentdelay in estimating the target accelerationresults from
the time neededto detect(identify)a maneuver.InRef. 21 anapprox-
imation of the detection time has been computed. The computation
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is based on the assumption that a target maneuver can be detected
when the absolute value of the measured deviation of the target po-
sition from its nominal trajectory exceeds twice the value of the
standard deviation of the respective measurement noise. The devi-
ation in the position of a missile with � rst-order dynamics, caused
by a lateral acceleration step command change of magnitude 1ac

E
at t D 0, can be approximated by

1y.t/ »D
1ac

E t3

6¿E
(44)

Hence, the minimal detection time can be approximated by

T min
id

»D arg
t

f1y.t/ D 2¾y D 2r¾ag »D 3

r
12¿E r¾a

1ac
E

(45)

where ¾y is the standarddeviationof the measurement noise of y.t/
and ¾a is the correspondingangular standard deviation.

As can be observed from Eq. (45), T min
id is range dependent. In

this paper 1test was assumed constant, and its value was chosen, as
described in the sequel, using a minmax search for the delay that
provides the best homing performance.

C. New Problem Formulation
The deterministicmodel of the estimator, given in Eq. (43), leads

to the reformulation of the interception scenario of a maneuver-
ing antisurface missile as a delayed information zero-sum pursuit–
evasion game. This formulation allows solving the game without a
stochastic analysis. Given the dynamic system (5–8) and a set of
initial conditions, the objective is to minimize the supremum (taken
over the evader’s control) of the cost function (11), subject to the
available measurements of Eq. (43). For a worst-case analysis it is
also assumed that the evader has perfect knowledge of all of the
state variables and the delay of the pursuer.

Because of the estimation delay, one observes the delayed value
of Z instead of its actual value; this estimated value of Z .t/ is

Zest.t/ D ZPN.t/ ¡ 1Zap .t/ ¡ 1ZÁ p .t/ C 1ZÁE .t/ C
©
1ZaE .t/

ª
est

(46)

where
©
1ZaE .t/

ª
est

D ¿ 2
E [Ã.tgo=¿E / C IIIE .t f ; t/]x4.t ¡ 1t est/ (47)

and the other terms are given by Eqs. (19), (20), (22), and (23),
respectively.

Given the delayed measurement x4.t ¡ 1test/, the uncertainty in
the true value of 1Z E .t/ is bounded by

£
1ZaE .t/

¤
min

· 1Z E .t/ ·
£
1ZaE .t/

¤
max

(48)

where
£
1ZaE .t/

¤
min

D ¿ 2
E ¢ [Ã.tgo=¿E / C IIIE .t f ; t/]

¢
£
x4.t ¡ 1test/e

¡1test=¿E ¡ amax
E

¡
1 ¡ e¡1test=¿E

¢¤
(49)

£
1ZaE .t/

¤
max

D ¿ 2
E ¢ [Ã.tgo=¿E / C IIIE .t f ; t/]

¢
£
x4.t ¡ 1test/e

¡1test=¿E C amax
E

¡
1 ¡ e¡1test=¿E

¢¤
(50)

This uncertainty region in Z is shown in Fig. 5 for a case where
without delay both .tgo/s and J ¤

0 are zero.
Based on an approach suggested by Petrosjan,22 applied in a re-

cent paper,16 the reachable set of the evader has to be computed,
and the pursuer should aim to the center of the convex hull of this
reachable set. Using this approach results with a solution structure
that is similar to theone depictedin Fig. 4 with theoptimal strategies
in region D1 being

u¤ D v¤ D signfZ .t/avg; fZ .t/avg 6D 0 (51)

Fig. 5 Uncertainty bounds of Z.

where

Z .t/av D f[Z .t/]max C [Z.t/]ming=2 D ZPN.t/ ¡ 1Zap .t/

¡ 1ZÁ p .t/ C 1ZÁE .t/ C 1Z c
aE

.t/ (52)

and

1Z c
aE

.t/ D x4.t ¡ 1test/e
¡1test=¿E ¿ 2

E ¢ [Ã.tgo=¿E / C IIIE .t f ; t/]

(53)

The line Z .t/av D 0 in region D1 is a dispersal surface dominatedby
theevaderandhenceu¤ D 0 andv¤ D §1. As in theprecedingsection
in region D0 , the optimal strategies are arbitrary. Note that because
of the estimation delay the values of .tgo/s and J ¤

0 , dependingon the
game parameters,are never zero.The control strategyof the pursuer,
de� ned in Eq. (51), is adopted as a new interceptor guidance law.
This new guidance law, integrating the elements of a time-varying
linear model and the delay compensation, is denoted in the sequel
as DGL/EC.

V. Outline of Three-Dimensional Estimator
For the implementationof theguidancelaw in a three-dimensional

noise-corrupted environment, the estimator of Ref. 17 is selected.
The estimatorwas derivedin a rotatingsensorframeassuminga high
measurementrateandsmall angulardeviationsfrom the sensorbore-
sight during target tracking. The measurements are range, azimuth,
and elevation in the sensor frame and also the angularvelocityof the
frame. The resulting three-dimensional estimator consists of three
independent � lters, whose states are the relative position, relative
velocity,and the target absoluteaccelerationalong each sensor axis.
The target models in each axis are also independent and identical.
The rotation of the sensor frame is taken into account by using the
instantaneouslyfrozen coordinate system approach.

The coordinate system attached to the sensor is illustrated in
Fig. 6. The range r and the angular deviationsfrom the sensor bore-
sight (the azimuth Áaz and the elevation Áel) are also presented.

The state vector of each (single axis) � lter is

W i D [pi ; vi ; aE i ]
T ; i D x; y; z (54)

where pi and vi are the relative position and velocity, respectively.
Using Eq. (54), a state matrix can be de� ned as

W D

2

64
.Wx /T

.W y /T

.Wz/T

3

75 D

2

64
px vx aEx

py vy aEy

pz vz aEz

3

75 (55)

The estimator uses the same dynamic model for the equations of
motion in each of the instantaneously frozen sensor frame axes.
Using the ECA/SF, the equations of a single-axis � lter model are

PW i D AwW i C BwaP C Cww

W i .0/ D W i
0; i D x; y; z (56)
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Fig. 6 Rotating sensor coordinate system used for target state
estimation.

where

Aw D

2

64
0 1 0

0 0 1

0 0 ¡1=¿a

3

75 (57)

Bw D [0 ¡1 0]T (58)

Cw D [0 0 1]T (59)

and

w » WN.0; q/; q.t/ D
£
amax

E .t/
¤2¯

4 (60)

In this ECA/SF the parameter ¿a is the assumed average time be-
tween the changes in the piecewise constant target acceleration
levels. The value of amax

E .t/ is approximated online based on nom-
inal trajectory data. If only a bound on the maximum acceleration
of the evader is known, then this value should be used instead.

The sensor measurements are assumed to be

z D

2

4
r

Áaz

Áel

3

5 C v »D

2

64
Hx Wx

H yW y

HzW z

3

75 C v (61)

where

Hx D [1 0 0] (62)

H y D [1=Or 0 0] (63)

Hz D [¡1=Or 0 0] (64)

v D [vr ; vaz; vel]; E.v/ D 0

E .vvT / D diag
£
¾ 2

r ¾ 2
az ¾ 2

el

¤
(65)

and Or is the estimated range.
The discrete time version of the estimator equations is given in

the Appendix for the sake of completeness.

VI. Simulation Study
In this section the validity of the integrated estimator–guidance

law is tested using a modular three-dimensional nonlinear point–
mass simulation of a ballistic missile defense scenario against a
highly maneuvering TBM.

A. Monte Carlo Simulation
The simulation program includes the following elements: three-

dimensionalnonlinear relativekinematics between two point–mass
vehicles, point–mass dynamics, and � rst-order control dynamics of
each � ying vehicle, a three-dimensional estimator (outlined in the
preceding section) with a measurement frequency of 200 Hz and
a high-altitude standard atmospheric model. The simulations were
carried out in a � xed Cartesian coordinate system, assuming � at
nonrotating Earth and no wind, using the well-known equations
of three-dimensional kinematics as in Ref. 3. For each test point

Table 1 Simulation parameters

Evader Pursuer Estimation

¿E D 0:2 s ¿P D 0:2 s ¿a D 1:5 s
amax

E f D 21:5 g amax
Pf D 48:4 g ¾r D 0:1 m

VEf D 2:58 km/s VPf D 3:17 km/s ¾el D 0:1 mrd
ÁE .0/ D 0 deg ÁP .0/ D 0 deg ¾az D 0:1 mrad

aSubscript f stands for the � nal value.

100 simulations with different noise samples were used. The main
parameters of the Monte Carlo simulation runs are summarized in
Table 1.

B. Maneuvering End Game
The presentedresultsconcentrateon the end game of the intercep-

tion,where a sequenceof two “hard”TBM maneuvers is assumed to
take place. This end game starts when the TBM crosses the altitude
of 28 km (with a � ight path angle of 45 deg) and has a duration
of 2.6 s. The initial TBM maneuver is commanded to a direction
(either right or left) perpendicular to the vertical reference plane of
the nominal trajectory.The sequenceis completedby a second man-
euver,commandedto theoppositedirection,after some time tsw. The
values of tsw vary between different simulation runs in small steps
in the interval of 0 · tsw · 2.6 s. Actually, steps of 700 m of range,
which correspondapproximatelyto time stepsof the orderof 0.14 s,
have been taken. The family of such end-gamemaneuver sequences
with varying tsw adequately represents the ensemble of the random
maneuver samples that can be implemented by the designer of a
TBM without the knowledge of the interception altitude.

C. Performance Index
In this simulation study with noisy measurements, the cost func-

tion of the perfect information game (the deterministic miss dis-
tance) is of no meaning. The outcome of a set of Monte Carlo simu-
lations with random noise samples is the miss distance distribution.
In reality, the objective of the interceptor designer is to guarantee
the destruction of the incoming target with a predetermined proba-
bility of success, using the smallest possible warhead lethal radius
Rk . In this study the required probability of success is assumed to
be 0.95 against the worst feasible target maneuver. This probability
is denoted as the single-shot kill probability23 de� ned by

SSKP D EfPd.Rk /g (66)

where E is the mathematical expectation taken over the entire set
of noise samples against any given feasible target maneuver and the
simpli� ed lethality function Pd is

Pd D
»

1 M · Rk

0 M > Rk (67)

where M is the miss distance.

D. Filter Performance
Figure 7 presents the estimation of the target horizontal accel-

eration. Even though the normalized acceleration command is of a
bang-bangtype, thecommanditself is time dependentbecauseof the
time-varyingmaximum acceleration. In the case of noise-freemea-
surements, the output is almost identical to the ensemble averageof
the Monte Carlo runs with different noise samples and same timing
of evader’s acceleration switch [(tgo/sw D 0:7 s]. A small bias and
an estimationdelay of approximately1test D 0:15 s, corresponding
well to the precomputeddetection time of T min

id .r D 4 km) »D 0:14 s,
are also apparent. The standard deviation computed from Monte
Carlo runs corresponds to that of the � lter.

Remark: The implementedestimator is by no means optimal; for
example in an earlier two-dimensionalstudy,24 an ef� cient multiple
model adaptive estimator, tailored to the discussed target maneuver
strategy, was used with some homing improvement. Nonetheless,
the simple estimator used here serves well for the guidance law
performance comparison presented in the sequel.
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Fig. 7 Estimation of the target horizontal acceleration.

E. Guidance Laws Implementation
Four different guidance laws, all having the form of Eqs. (51)

and (52) but derived using different assumptions, were tested by
the Monte Carlo simulations and compared:1) DGL/1—perfect in-
formation (1test D 0), constant velocities, and maneuverabilities8;
2) DGL/E—perfect information, linearly varying interceptor ve-
locity, and target maneuverability10; 3) DGL/C—delayed informa-
tion (1test 6D 0), constant velocities, and maneuverabilities16; and
4) DGL/EC—delayed information, linearly varying interceptorve-
locity, and target maneuverability.

Remark:
1) In the implementationtheestimatedZEM of each guidancelaw

is used instead of the actual one. Because the boundary trajectories
(Z ¤

C and Z ¤
¡/ separating the two regions of the game (D0 and D1)

cannot be accurately known because of errors in estimating tgo and
the maximum accelerations of both players as a result of the noisy
measurements, the bang-bang strategy, optimal in both regions, is
used.

2) The actual velocity pro� les of both players are needed explic-
itly in the computation of the ZEM of DGL/E and DGL/EC and
implicitly, via the computation of tgo , for all four guidance laws.
In an actual implementation these pro� les are unknown a priori;
hence, the pro� les on the nominal interception trajectory should be
taken instead. The nominal trajectories of the interceptor and tar-
get missiles can be updated online during the engagement based on
the information from the inertial measurement unit (IMU) and the
target state estimator, respectively. In this study, based on Fig. 1, it
was approximated(for the sake of a simple implementation)that the
interceptor has a constant longitudinal acceleration and the reentry
vehicle has a constant velocity.

F. Homing Performance
Because the maneuvers of the TBM are expected to be of a ran-

domly switched bang-bang type, the worst timing for the maneuver
switch has to be identi� ed.The worst timing,differentfor each guid-
ance law, is de� ned as the one correspondingto the target maneuver
that requires the largest kill radius of the interceptorwarhead for an
SSKP of 0.95. In Fig. 8 the homing performance of the four differ-
ent guidance laws is comparedusing the accumulatedmiss distance
distributions for the worst target maneuver of each guidance law.

By using DGL/1 the actual miss distancesare substantiallylarger
than the zero miss distance predicted by the perfect information
game solution with a constant speed model,8 and the SSKP of 0.95
can be guaranteed only if the lethal radius of the warhead exceeds
4.4 m.

By applyingDGL/C, which compensatesfor the estimationdelay,
the miss distances are substantiallyreduced, and the requiredSSKP
of 0.95canbeguaranteedwith a lethalradiusof about2.5m. DGL/E,
whichmodels the time-varyingvelocitiesand maneuverabilities(but
without delay compensation), provides a similar improvement.

Fig. 8 Cumulative miss-distance distribution comparison.

By using the new guidance law derived in Sec. IV (DGL/EC),
which integrates both of these elements, the miss distances are fur-
ther reduced, and the SSKP of 0.95 can be guaranteedwith a lethal
radius of less then 1.7 m.

The constant estimation delay used in DGL/E and DGL/EC was
selected as 0.1 s after a minmax search for the delay providing the
best homing performance.

VII. Conclusions
A new guidancelaw was synthesizedby integratinganestimation-

delay model and a linear time-varyingdifferentialgame formulation
of an end-game interception scenario. The resulting deterministic
guidance law was implemented in a realistic ballistic missile de-
fense scenario with noisy measurements by using a suitable three-
dimensionalestimator.Testing this estimator/guidance algorithmin
a generic (yet realistic) nonlinear,measurementnoise-corruptedin-
terceptionscenarioagainsta highly maneuveringreenteringtactical
ballistic missile con� rmed the validity of the research concept by
demonstrating a substantial improvement in homing performance
compared to earlier suggested guidance laws.

The new improved guidance law can be easily adopted in any
existing (or currentlydeveloped)missile defense system because its
implementation does not require any hardware modi� cation. The
demonstratedimprovedhoming performanceand the genericnature
of the integrated estimator/guidance algorithm raise the justi� ed
hope that by its application the challenging (and not yet addressed)
task of interceptinghighly maneuveringvehicles,expectedin future
missile defense scenarios, can be successfully accomplished.

Appendix: Equations of the Discretized Estimator
Discrete Time Equations

The discrete time version of Eqs. (56–59) is

W i
k C 1 D FW i

k C ¡ai
pk C Gwk; i D x; y; z (A1)

where F; ¡, and G are the discretized version of Aw , Bw , and Cw ,
given in Eq. (57–59), respectively.The discrete noise is

wk » W N .0; qk /; qk D T q (A2)

where T is the sampling period.

Measurements Model
The sensor measurements are

zk D

2

64
rk

.Áaz/k

.Áel/k

3

75 C v »D

2

64
Hx

k Wx
k

Hy
k Wy

k

Hz
k W z

k

3

75 C v (A3)
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where

Hx
k D [1 0 0] (A4)

Hy
k D [1=Ork=k ¡ 1 0 0] (A5)

Hz

k D [¡1=Ork=k ¡ 1 0 0] (A6)

v D [vr ; vaz; vel]; E.v/ D 0

E .vvT / D diag
£
¾ 2

r ¾ 2
az ¾ 2

el

¤
(A7)

Because the angular deviationsÁaz and Áel are assumed to be small,
the target coordinates in the sensor frame are

xsn
»D r; ysn

»D rÁaz; zsn
»D ¡rÁel (A8)

It is assumed that the range measurement is quite accurate, and
therefore

¾xsn
»D ¾r ; ¾ysn

»D r¾az; ¾zsn
»D r¾el (A9)

It is also assumed that the pursuer’s own accelerationand the sensor
frame angular velocity are accurately measured. These measure-
ments can be performed by an IMU and rate gyros, respectively.

Three-Dimensional Filter Equations
Using the dynamic model of Eq. (A1), the measurement model

of Eqs. (A3–A7), and the instantaneouslyfrozen frame approach, a
discrete Kalman � lter is implemented.

The time update equations are

OWk C 1=k D ªk C 1;k
OWk=k FT C Uk (A10)

Pi
k C 1=k D FPi

k=kF
T C Qi

k ; i D x; y; z (A11)

where the known variable Uk is de� ned by

Uk D
¡
ai

P

¢
k
¡ T ; i D x; y; z (A12)

and ªk C 1;k is the transformationfrom the sensor coordinatesystem
at time k to the sensor coordinate system at time k C 1 de� ned as

ªk C 1;k D

2

64
1 T !zk ¡T !yk

¡T !zk 1 T !xk

T !yk ¡T !xk 1

3

75 (A13)

where!k is theangularvelocityof the sensorframeat time k, relative
to an inertial frame and expressed in the sensor frame.

Assuming that 1) the sensor frame is roll stabilizedand that 2) the
sensor bore-sight coincides with L OOSk (the estimated line-of-sight
direction at time k) during tk · t · tk C 1 and jumps to L OOSk C 1 at
time tk C 1, the matrix ªk C 1;k can be calculated as

ªk C 1;k D

2

4
1 OÁaz ¡ OÁel

¡ OÁaz 1 0
OÁel 0 1

3

5

­­­­­­
k C 1=k

(A14)

Based on the assumption that the interceptor’s own acceleration
and the sensor frame angular velocity are known, the process noise
covariance Qi

k is reduced to

Qi
k D qk GGT (A15)

The measurement update equations are

OWk C 1=k C 1 D OWk C 1=k C 1Wk C 1 (A16)

Li
k C 1 D Pi

k C 1=k

¡
Hi

k C 1

¢T ¡
Si

k C 1

¢¡1
; i D x; y; z (A17)

Pi
kC1=kC1 D Mi

kC1Pi
kC1=k

¡
M i

kC1

¢T C Li
kC1R

i
kC1

¡
Li

kC1

¢T

i D x; y; z (A18)

where

Mi
k C 1 D I3 ¡ Li

k C 1H
i
k C 1; i D x; y; z (A19)

1WkC1 D

2

66664

¡
Lx

k C 1

¢T Qzk C 1.1/

¡
Ly

k C 1

¢T Qzk C 1.2/

¡
Lz

k C 1

¢T Qzk C 1.3/

3

77775
(A20)

Si
k C 1 D Hi

k C 1Pi
k C 1=k

¡
Hi

k C 1

¢T C R i
k C 1; i D x; y; z (A21)

Qzk C 1 D zk C 1 ¡ OzkC1=k (A22)

and

Ozk C 1=k D

2

64
OWk C 1=k.1; 1/

OWk C 1=k.2; 1/= OWkC1=k .1; 1/

¡ OWkC1=k .3; 1/= OWkC1=k .1; 1/

3

75 (A23)

Rx
k C 1 D

¡
¾ 2

r

¢
k C 1

; Ry
k C 1 D

¡
¾ 2

az

¢
k C 1

Rz

k C 1 D
¡
¾ 2

el

¢
k C 1

(A24)
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